Life Science Journal

Websites:
http://www.lifesciencesite.com

MARSLAND PRESS @//\

editor@sciencepub.net Multidisciplinary Academic Journal Publisher
sciencepub@gmail.com

Bayesian Predictive Intervals Based on Type-II Hybrid Censored Data
Mohamed Mahmoud', Nashwa Yhiea?, Shymaa EL-Said?

'Department of Mathematics, Faculty of Science, Al-Azhar University, Egypt.
*Department of Mathematics, Faculty of Science, Suez Canal University, Egypt
osha468@gmail.com, mawmahmoud1 1 @hotmail.com, nashwamohamed(@science.suez.edu.eg

Abstract: Prediction of future events on the basis of the past and present knowledge is a fundamental problem of
statistics, in this paper we discuss the one- and two- sample Bayesian prediction problem from generalized linear
exponential distribution based on Type- II hybrid censored data. Fort his problem, the Gibbs sampling procedure
and Lindley approximation are used to approximate the Bayesian predictive survival function and several hyper
parameters are used to show the sensitivity of Bayesian Predictive Intervals with respect to these hyper parameters.
Finally, some numerical result are presented.

[Mohamed Mahmoud, Nashwa Yhiea, Shymaa EL-Said. Bayesian Predictive Intervals Based on Type-II Hybrid
Censored Data. Life Sci J 2020;17(6):13-30]. ISSN: 1097-8135 (Print) / ISSN: 2372-613X (Online).
http://www.lifesciencesite.com. 2. doi:10.7537/marslsj170620.02.

Keywords and phrases: Bayesian prediction, Generalized linear exponential distribution, Type- II hybrid censored

data, Markov Chain Monte Carlo (MCMC).

MSC 2010 subject classifications: Primary 62G30; secondary 62F15.

1. Introduction

Experiments often end before all test units have
failed because of cost and time considerations. In such
experiments failure information is available only on a
part of the sample, the data are said to be censored
data. Type-I and Type-II censoring schemes are the
two most common censoring schemes. A combination
of Type-I and Type-II censoring schemes, known as
hybrid censoring scheme. It has been discussed to
overcome the disadvantages of those two types
separately. This scheme was first introduced by [10,
11], and it has been discussed extensively in the
reliability literature. In the Type-I hybrid censoring
scheme, the experiment is terminated as soon as a pre-
specified number r out of n items has failed or a pre-
fixed time x on test has been reached. This censoring
scheme was introduced by [10]. In contrast, in the
Type-II hybrid censoring scheme, the life-testing
experiment gets terminated whenever the later of the
two stopping rules is reached; see [6]. Hybrid censored
lifetime data have been discussed by several authors,
including [14], [13], [16], [22], [5], [17], [21], [15],
[25], [26] and [24]. One of the drawbacks of Type-I
hybrid censoring scheme is that there may be very few
failures occurring up to the pre-fixed time 7. Because
of this, [6] proposed a new hybrid censoring scheme
known as Type-II hybrid censoring scheme in which
the life testing experiment terminated whenever the
later of the two stopping rules is reached.

13

Prediction of future events based on past and
present knowledge is a fundamental statistical problem
which arises naturally in many contexts. As in the case
of estimation, a predictor can be either a predictor of a
point or an interval. Several researches have
considered Bayesian prediction for future observation
based on Type-I censored data [1, 3]. Bayesian
prediction bounds for future observation based on
Type-II censored data have been discussed by several
authors, including [8], [20] and [23]. [7] discussed the
two - sample Bayesian prediction of the future life
time of an item based on Type-I hybrid censored data
from an exponential distribution. [9] developed the
classical prediction intervals for future failures in the
case of exponential distribution under Type-I hybrid
censoring. Recently, [4] considered a general form for
the inverted linear exponential distribution and a
general conjugate prior and developed a general
procedure for determining the one- and two — sample
Bayesian prediction for future lifetimes based on a
Type-II hybrid censored data. Prediction based on
hybrid censored data also been discussed by several
authors, see [26].

The generalized linear exponential distribution
was originally proposed by [19], this distribution can
be used for modeling bathtub, increasing and
decreasing hazard rate behavior. This distribution is
important because it contains some widely known
distributions like exponential distribution,
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Rayleigh  distribution, the linear
distribution and the Weibull distribution.

The generalized linear exponential distribution
with three parameter o,0,1) distribution, has a

exponential

~ o . ¢ - a ”._J-». P
flx:) = EI.(..-’-"._.’I‘— i';_,-I}
o, & 0 andd = 0.
and h o
F{z,) =1 — g \¥=itz=i

In this paper, we study the problem of prediction
of the GLE (a,6,4) distribution based on Type-II
hybrid censored data. For purposes of computations,
the Gibbs sampling procedure and Lindley
approximation are used to approximate the Bayesian

predictive  survival  function and  Lindley’s
approximation based on informative and non
informative sample. In Section 2.2, one-sample

Bayesian predictive survival function from GLE
(a,0,2) distribution based on Type-II hybrid censored
data are proposed. The two-sample Bayesian
predictive survival function from GLE (a,6,4)
distribution based on Type-II hybrid censored data is
introduced in Section 2.3. Analysis of real data set and

s, 0 > 0 andd = 0.

probability density function (pdf) and cumulative
distribution function (cdf) respectively.

(1)

(2)

simulation are presented in Section 2.4 to illustrate the
results.
2. Bayesian Prediction Intervals

The Bayes prediction of the future samples based
on current sample, known as the informative sample, is
an important problem in statistics. [2], proposed two
main types of prediction problem, namely One-sample
prediction and two sample prediction.

Suppose that X, < X5, <... < X, is a hybrid
censored sample of size n drawn from a continuous
distribution function F (x) with density function f (x).
Let d denote the number of-Xi:nSthat are at most T.
There fore, under the Type-II hybrid censoring scheme
we have one of the two following types of
observations:

Case . Xi., < Xo,<.. <X, ,f X,..,.>T .

Case Il. Xi.p < Xop < .. < Xgy fTXp with r<d < n.

Thus, the likelihood function of the Type-1I hybrid censored sample is as
follows:

Case [.

nl s o . —r
L |t‘l/.f~‘..-:"p| = m Il_[lf [ ) ] — F l.fﬁv.'] :

where case II,

nl

Lo, 8, A) =
S =)l

Let r < s < m,

li[f-:.r-,:l[l—}'[Tl]" o

then the conditional density function of X,.,, given the

(4)

Type-11 hybrid censored sample, is as follows:

Case [,

] (n—r)l
)=

(Flzs)— Flz,. )™

11 - Fz,))" = f(z.)

Flz.

T (s—v—1)l{n—s)

wherer < s< ., x=(zr, ..,

14

r.) and x, >

(1 — Flz,. )™=
(5]

X
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Case I1.

a—1 s i i @& e : -
_ (n—d)lga(T) (Flz.)— F(T))** (1 — F(z.))" " flz.)

fl.r,‘lf]:z = "i A fg= yre—od f
r (s —d—1)n — s)! (1— F(T))
(6)
A o — . X - T . o (T — Pl D=d)
where x |:‘r]_4_.1 Eg) ; Ty > T and aq(T) W
Let Y1.m = Yoo = ... = ¥Yum be order statistics from a future random

sample of size m from the same population. Then the marginal density function
of the sth order statistics Y., is given by

!
(g — 1)(m — =)

Fromlya) = l'{Ff.fy.;J‘J"‘"lfl — Fly.))™ " fly.). (7)

where 1 < 5 < m.

Since the survival function F(x|8) = 1 — F(x|#) corresponding to any cumula-
tive distribution function F{x|d), # € &, where © may be a vector of parameters
of the distribution can be written as

F(x|8) = exp[—Alx, 8)], (8)

where Az, #) = — In F(x|#).we shall consider the underling population survival
function to be given by (8).
The probability density function corresponding to (8) is given by

flzx|8) = Alx, @) exp[—A(x, 8)], (9)

where A(x,d) is the derivative of A{r, &) with respect to r.
For the Bayesian prediction setup, we need a suitable prior parameter distri-
bution. Suggested by [2], that is given by

w(f, &) o O8, §) exp[—DN#A, §)], (10]

where # £ © and § is the vector of prior parameters.

2.1. One-sample Bayesian prediction Suppose that Xi,, < X5, <... < X, is a hybrid

We discuss the Bayesian prediction for the GLE censored sample of size n drawn from a population
(a,6,4) where the three parameters ¢,/ and A are with pdf given by 1, we can rewrite the pdf as f
unknown. (6;0,0,2) = H(x;0,0,2)e ", 0,0 > 0 and 4 > 0, and

cumulative distribution function (cdf)

flz;o,8,0) = H (z;0,0, A)e” =082 o 8> 0 andA > 0,
and cumulative distribution function (cdf)
Flr, o8, A) =1 — e Hl=inbA n 8 >0 and) = 0, (11)

where
H . (=1
Hiz;a.8 A) = (,"'..r + ;.rz) i
and H (z;0, 8, A) is the derivative of H(z; o, 8, A) with respect to z, so,

L ) & ) a—1 )
Hiraf A =n (}l.r - EJ"E) [A+8z).

15
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Upon using (8) and (9) in (3) and (4), we obtain the likelihood function as
follows:
Case 1

! T et e S ———
Ly(a,8,A,x) = (n i-;-]1 (HH '[I:n.i?...h]) g~ Luizi[Hl=sm SN Hn—r)Hlx a8,
' L

(12)
where x= (13, ...,z ), 71 € ... <z and z, > T,
Casze II

i

| 4 M Tio [m— (T8,

Ly (a,8,),x) = (nid—j- (HH (x; 0, 8, A)) P P L L
» T =l

(13)
where x= (21, ..., ), F1 € .. € 2g £ T € x,..
Similarly, upon substituting (8) and (9) in (5)and (6), we obtain the condi-
tional density function of X,.,, given the Type-II hybrid censored sample, as
follows

Case [
a—r—1
fla.|z)= Y Ci1H (z.;0,0,\)g(z,,2,; 0,6, 1) (14)
w=Ik
where x= (¢, ..,2,) , 23 > 2., Cy = St g
H{I el ..:'l.} = E—Ier—:!-Q-..a:-é-!:l|HIf.‘r6:n.ﬂ.J\:l—H[:..;n.ﬂ‘.)ail]_ [15)
Case I1
a—1a—d-1 '
flz |2) =Y Y Ca0ulT.0.8. N H (2,:0.8,N)g(x,, T;a.8.3).  (16)
d=r w=0

; __ : - _ (=1)*a—d—Lw(n—d)!
= - o — T
where x= (z, ...,z4) , 2, > T.,Ch T and

ndexp [—(n — d)H(T;a,8,)] {1 — exp [-H(T; o, 8, A)] }*
E;;: njexp[—(n— j)H(T;a,8,A)] {1 —exp[-H(T;a,8,A)]}F
(17)
For the case when the parameters o, 8 and A are unknown, we use the fol-
lowing independent prior:

¢a(T,0,0,)) =

7 (a) xa™ e™™ w, >0,uw >0 a>0,
To(8) c @ e g > 0,wy >0, #>0, (18)
and w3 (A) oc Are—lgmdws e > 0,w5 >0, A>0,

16
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where wy, wa, wy, Wy, Wy, wy; are chosen to reflect prior knowledge about o, #
nd A When wy = wy = wy = wy = ws = wy = 0, there are non-informative
xiors of o, # and A.

From Equations (10) and (2.1} . the joint prior density function of o, # and
\is of the form

x{a, 8, 1) oc a™® lgmmngme—l—huws gwe—l —dwn L8>0, A>D,

wy , Wa, Wy, Wy, Ws, wg > 0.
S0, we have
Cla,8,M,8) = aw lgw—1yw—tand D(a.8, 2 8) =auw + 0wy + Aws, (19)

where § = [ wy, wa, wy, wy, Wy, wy ).
Since the posterior density function is given by

7 (o, 8,A| )= %r[n.ﬂ.}t_ﬁ} Lic.8 M. 1), (20)

where
.irzf w8, 28 Lo 8 A x)d8, (21)
EE

Using Equations (10), (12), (13) and (20) we can write the posterior density
mction As:

Case I.
. 1 _ N
w (o, 8,4 | )= o (o, 8. X x) exp[—(1(a,8,A,x), (22)
1
where
(o, 8 A ) = Cla, 8, A, &) HHII{IEZ:’L&. Al
=1
(1(a,6.02) =) H(zio,8 A+ (n—r)H(z,;a.0,)) + D(a,6, A, ).
i=1
and
Ky :[f/r“ (0,8, A, x) exp|—C1({a, 8, N x)|dodBdA,
N | ]
Case II.

w (o, 8, A | x) = ér}g{n.&. Az) exp[—fa(a,8, A )], (23)

17
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where
I
m2 (o, 8. A, x) = Cla. 8, X, 8) HH (zi:00,8, ),
=1
o
C2(e,0.0,2) = 3 H(zi;0.60,A) + (n — d)H(T: 0,6, ) + D(a,6, 1,3),
i=1
and
1 =f[frrz (v, 8, A, x) exp[—Cz(a, 8 A )] dodbd),
00 0

The Bayesian predictive density function of r_., is given by
pla.|z)= [ flz. | 2)7* (@,8,7] z) dadfdA. (24)
dace

Upon using 14, 16, 22, 23 in 24, we obtain the predictive density function of
Tyn 85 follows:

Case .
s—r—1 i
plz. | ) = Z C) /ffo: o, 8, A)g(x,, 250,80, A)7) (0, A | =) dodBdA.
=1 000
(25)
where £ = (&, .y T} 5 o = Tpoy
Case II.
a=—1 g—d—1
plr. z)=3 Y o (26)
d=r w=0
® f N md[:T.ﬂ,E.A]H'[:rs:n“E‘,A}g[}r,_T:n_E.}L]?r.‘E" (e, 8, A | x) deedBd M.
oo a
where r = (z, ...,Tq) , To > T.
So, the predictive survival function of x,.,, is obtained as follows:
Case .
a—r—1
Plz,>t|z)= z C, (27)
w=I[}

® f {ffH[.r re B A)glr,, oo, 8, X)) (a,0, A | o) dod8dAdr,
t 00D

—E*_'[;_ —LL [ [ [glt.z:0,8 A)w} (0.8, X | x) dodfdA.
o oo

18
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Case II.

s—1 s—d—1

Pz, >t|x)=)_ Y O (28)

d=r w=(

o0 DD 0O 00

s f f f I[' c}d-IfT..ﬂ,EhA]H'[}rs:ﬂ.é'. Aglz,, T, 8, A)m3 (o, 0, A | ) dad@dMdzx,.

Lo oo
=Z;;i E:;‘;_] el W | }'mﬂ-{T,ﬂ. 8. Mglt, T, 8, A)rs (o, 8, X | x) dodt

000
Then, the 1007% Bayesian prediction interval (L, U) for X, based on the
Type-1I hybrid censored sample is obtained by solving the following two equa-
tions:

147

Pl =L |x) = (29)

and
1—7

Pl >U |x) = (30)

It does not seem to be possible to compute the probability in (27) and (28)
analytically. We therefore use Markov Chain Monte Carlo (MCMC) technique
and Lindley approximation are used for constructing the Bayesian prediction
intervals (BPIs).

21.1. MCMC Method

Using MCMC to generate o, @ and A from the posterior density function, so the
marginal posterior density of a. is proportional to

wg+r—1

mi (o | LA, ) xa B (31)

fi a—-1
é# B_3ym #
«IT (et 3e2) O ome (gl erte)
=1

ofm—R)

Similarly, the posterior conditional distribution for # and A are respectively

712 (0 ]a,h, 2) x 0t (32
- ﬁ ("""‘"a + gf?)n_] (A + Bz,) e~ (=it §21)" g~ (et 470
=1
and
73, (A | @,8, x) o g=ot—1g 0 (33)
. ﬁ (‘1”’!' i ET?)H_I (A 4 Bz;) e~ (=it §=2)" (et )™ 7"
1=1 2
Where

p=4"7 foreasel
| d foreasell

19
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and
- I R-n fﬂf'f‘!’l."ﬁf I
o T forcasell
To compute f J f flzy | z)r* (@, 8,7 | x) doe df dA.by using the MCMC tech-
a0 0

nique, we use the following procedure:

1) Set the initial values of a, # and X say (ay, f.A).

2) Set j=1. '

3) Using MH, generate o from 7}, (o’ | 871 371 x) with normal distri-
bution, N(a~! KaVa). ‘

4) Using MH, generate &) from w3,(8 ! | o/ =1 A~ x) with normal distri-
bution, N{(#7 ' KgVs).

5) Using MH, generate A} from 75,(A " | /' # ! x) with normal distri-
bution, N(XM 1K, V).

where Ka, Ky and K, are scaling factor and Va , Vg and Vy are variances-co
variances matrix.

6) Set j=j+1.

7) Repeat steps from 1 to N times.

noafs njis n

8) The approximate value of [ [ [ flz, | z)7* (0,08, | z)do df dX is then

. L ]
obtained as

oo oo o0 N .
[[[fm 2)x* (0,0, | z) dadédy = 2zt L1000 h)

N

-ll .ll 1]
where
Case 1

a—r—1 ' 3

, (—1)¥3 —r — lw(n —r)! e (gt 8 2Y_f B _2}9]

» .&A. = : : — — {m ."+u.5+1|[|:‘)|.!+2! _:I [l:.-+._J:,.:] “\
fla ) Z—.: m—s+w+1)(s—7—1)l{n — s)! :

Case 11

5—1 s—d—1

4 . —1)¥s —d — lwin — d)!
_ﬂa.ﬁk] - z z |:”—-.--|-__A,—|-1:|{‘-i— f—l}ll[”_"]l

w=[

nd exp [—I_'n — d) [}J - %TE]{'] {1 —exp [— l.thT - %TE}QW] }d

X

E;;:njvxp [—{n — 71 (AT + .‘—;?J'"z}le)']:I ’ {1 —exp [— (AT + __LT_:T"'}“] \i

xf_—ln—<+..~——l:-[[,hr+1._§r3']“-{,\r+!_eT-']"':

2.1.2. Lindely Approximation Method containing no integral. For our estimation problem we

We derive the BPIs based on Lindley describe this method below. As noticed the Bayesian
approximation, which introduced by [18] can estimates include the ratio of two integrals, we
approximate the Bayes estimators into a form consider / (x) defined as

20
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I f ‘[ “‘["Il- T2, F:';.;}l E'Llr.lI"-“'.!il:"l'ﬂ[ﬂl-'i'_k.'} ‘]dﬂr]ﬂflﬂd":-‘:s
I(z)=E[u(m,y,m)] = 2=

rrrf'f":-‘""!"‘*""‘l"l?'l'"f”"'*]ﬂ'hd':"zd"t:i

Ta T2 M1
where u (7, 72,73) is a function of v, 72 or 73 only.
L (71,72, 73) is log of likelihood function.
P 71,72, 73) is log joint prior of 1,72 and 7.
Utilizing the Lindley's method [ (z) can be approximated as

I{z) = u(f1, 92, ¥2) + (vaay + uaas + uza; +ay +as) +

1
= [A(uyoyy + ugoiz + ugeg) + B (uy o) + uaoas + ugorag) (34)

+C (10q1 + uaogs + u3043)] .

where
%1, %2 and 45 are the MLE of of 7,2 and 55 respectively.
a; = g + padis + padg, 1=1.2.3,

iy = Uad2 + U130 + UaaTog,

1
ag = 3 (w1011 + uzaoas + Uazoas) ,

A=onLin 4+ 200l 4+ 20130191 + 20930041 + 0aalas; 4+ dgalaq,

B = o1l + 2012 Ly93 + 20130132 + 2093 Lags + o2aLavs + 0330349,

C=onlng + 200133 + 201300133 + 2093 Lagy + 003 Loy + 033 L4944,

and subscripts 1,2, 3 on the right-hand sides refer to v, 72 , 73 respectively
and

i hu l:"'b’\‘ih"-:s] & u ‘["H-"'E-"".'i} 5. :
i =, lj=——————  i=L233, yy=———————,1,7=1,2,3,
B i = iyi E i yichy; B

21
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_ @L(1,72,73)

L L (71,72, Ya)
ij — - p—r )
dyidhy;

s ,7=1,23 , Lipju=-———m— — . 1.7, k=1,23,
! * T oo

and o;; is the (i, j) — th element of the inverse of the matrix {L;;}, all eval-
uated at the MLE of parameters. With the above defined expressions, we can
obtain the values of the Bayes estimates of various parameters .

Replacing u (1,72, 73) by

Case |
s—r—1

' (—1)*s — r — lw(n — r)! ~
fla,g )= ) (=7~ )im — o)1 (35)

w={]

xa (A + 8z.) (Az, + %Eﬂ"_l g~ (n—stuwtl)[(Aza+50)" —(Axet+-527)"]

Case I1
I (1) — d— 1w(n — d)lou(T) ]
fla,8,2) = dg > GG—d—1)i(n— ) (36)

- {)l-l- H;['!] I:A.I',I + %Ifjn_] E—[n—n-&-u:-é-l:‘[{l:.+%If)ﬂ_.[_xT+-'j'T'—']e.]

2.2. Two-sample Bayesian Prediction

Let 71 Y1, Yo.m -« ¥inom be the order statistics (OS] from a future random
sample of size m from the same population. Then the marginal density function
of the sth OS Y., is given by

P ) = e (F(y)) (1 - F(y))" " f(y)  (37)

(s —1)l{m — s)
where 1 < 5 < m. m < d < n Upon substituting (1}, (2) in 37, we obtain

a—1
f(y-; | ..I'] — Z C_'j,H‘(y_g:ﬂ-H., A}E_i:m_"-'-u"'l'l]ﬂl: Wajon A {38']
wr=(p
where Oy = -:-:Tl""rl:u_—nf" — lw(-1)~
Since the Bayesian predictive density function of Y., is given by
s, | ) = f [ff[y_, | ) (e, 0, X | o) et (39)

o o o

upon substituting (22), (23), and (38) in (39), we obtain the Bayesian pre-
dictive density function of 7., as follows:
Case |

22
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ply. .r]: [[[H'u;*:n.a_,w —im—stwtl)H{pei00 Ayt (0,8, X | T) dod@d),
'“_“ a o :!.I
(40
Case [1
s—1
plys | ) = Z( ;[[[H (.3, 8, A)e—(m—stwt i Hlyeia 8,3 ps (9 A | 1) doedBd ).
=0 g o0 o0
(41)

From the above two equations, we obtain the predictive survival function of
Y..m as follows:

Case [
P | oo 00 0o o0
Ply, >t M=Z(“;;/[//H (y; 2,8, A)e” ottt DH e 8 M e (4 9 A | z) dodBdAdy,
w=0 % b0 D
1 (_ﬁ oo OO0 OO
= Z _ / [ [r""""“'"'l“‘””:“"""“'ﬁ; (o, 8, A | x) dodBd A
m—s4+w+1) [
= 00 0
(42)
Case 11
o | oo OO0 DD OO H
Ply, >t el—zc" [[[/H (y; e, 8, A)e~ Mot t DH a8 M08 (0 8, A | z) dadBdAdy,
i t 00D
—Z [/[ —(m-stwtl)H(ta b2y (0 @ A | z) dadfdA.
m—s+w+1
a 0 0
(43)

Consequently, the 100 % Bayesian prediction interval (L, U) for Y., based on
the Type-IT hybrid censored sample is obtained by solving the following two

equations:
" 1+7 e
Py, > L|z) = — (44)
and .
Ply, >U|z)= — (45)

As the same as previous subsection, we use the MCMC method and Lindley
approximation to determine the BPIs with f(a. 8, A)

) — (—1)“s — 1wnl —(n—stw+ 1) [(At+58)" —[(Ar+ §27)"
fle8,2) = ;I n—s+w+1)s—1)n-— _-,-]1E L.
3. Numerical Results 0.0107609,0.32776, 0.38692, 0.443063, 0.8135,
To illustrate the inferential procedures developed 1.14747, 1.23987, 2.78955, 4.2239 and 4.24113.
in the preceding subsections, we present a numerical We shall use these data to consider two different
study for the considered distribution. To illustrate the Type-II hybrid censoring schemes.
prediction results for the GLE (a,6,4) when three 1- When » =3 and T = 0.1. Since x3.;9 > T, the
parameters o, and 4 are unknown, we generated order testing would have terminated in this case at time x3.1¢
statistics from a sample of size n = 10 from the GLE = 0.38692 and we have obtained the following data:

distribution. The generated order statistics from the 0.0107609,0.32776 and 0.38692.
GLE (with a = 0.8, = 0.5 and 41 = 0.7) are as follows:
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2- When r=2 and T = 0.4. Since T > x.1o, the
testing would have terminated in this case at 7 and we
would have obtained the following data 0.0107609 and
0.32776.

We assume these data to have come from the
GLE (a,6,4) distribution, where three parameters a,6
and A are unknown. Based on the above two Type-II
hybrid censoring schemes, we then used the results

Table 1: 95% one-sample Bayesian prediction bounds for X .,,s

presented in subsection 2.1 to constructed 95% one-
sample Bayesian prediction intervals for future order
statistics X, s = 4,...,10, from the same sample as well
as 95% two-sample Bayesian prediction intervals for
future order statistics Y.,,s = 1,...10, from a future
sample of size m = 10. To examine the sensitivity of
the Bayesian prediction intervals with respect to the
hyper parameters (wy, wy, w3, Wy, ws, We),

=4,...,10, from GLE distribution case I

MCMC WI=Wr=W3=W4=Wj5 :W6:0

Lindley wi=w,=w;=w,;=ws=w=0

S LX:s UX:s LX:s UX:s

4 0.397364 1.62064 0.396074 2.55095
5 0.492372 2.26373 0.470125 3.70406
6 0.669455 2.91469 0.601575 4.90543
7 0.91536 3.66836 0.783274 6.34046
8 1.23131 4.59977 1.02698 8.27948
9 1.6589 5.9951 1.3695 11.428
10 2.31958 8.92986 1.93059 19.0825
MCMC w=2,w,=3,w3=1,w;=1,ws=2,wg=3 Lindley w;=2,w,=3,w;=1,w;=1,ws=2,w=3
S LX:s UX:s LX:s UX:s

4 0.397357 1.61926 0.390069 0.833344
5 0.492551 2.26903 0.420353 1.20995
6 0.670586 2.92268 0.481959 1.8919

7 0.914561 3.66212 0.574731 2.67448
8 1.23355 4.61224 0.705472 3.62296
9 1.65947 5.99891 0.893163 5.07495
10 2.31843 8.92279 1.19901 8.46856

Table 2: 95% one-sample Bayesian prediction bounds for X s:n,s =4,...,10, from GLE distribution case 11

MCMC WI=Wr=W3=W4=Wj5 :W6:0

Lindley wi=w,=w;=w,;=ws=w=0

S LX:s UX:s LX:s UX:s

4 0.436785 2.12081 0.418215 3.42356
5 0.529006 2.72182 0.438048 4.49073
6 0.729021 3.38946 0.494302 5.75187
7 1.01591 4.1901 0.646235 7.33423
8 1.3797 5.21255 0.929498 9.52947
9 1.8601 6.76462 1.34638 13.1652
10 2.59701 10.0753 2.00882 22.1862
MCMC w=2,w,=3,w3=1,w,=1,ws=2,wg=3 Lindley w;=2,w,=3,w;=1,w;=1,ws=2,w=3
S LX:s UX:s LX:s UX:s

4 0.436869 2.12554 0.404276 0.856248
5 0.529112 2.72351 0.406585 0.933095
6 0.72877 3.39145 0.411557 2.06392
7 1.01451 4.18123 0.425335 2.37685
8 1.38029 5.21616 0.471732 3.52741
9 1.86039 6.76039 0.618597 5.18567
10 2.59556 10.0627 0.958795 8.99028

1 and 2 presents the lower and upper 95% one-
sample Bayesian prediction bounds for X;.,,s = 4,...,10,
for the choices of w; = w, = w3= wy= ws= ws= 0 and
wi= 2w =3,w3;= 1L,ws;= 1,ws= 2,ws = 3. The lower
and upper 95% two-sample Bayesian prediction
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bounds for Y,,,s = 1,...,10, from a future sample, are
presented in Table 3 and Table 4.
3.1. Conclusion

The previous section presents the BPIs from GLE
distribution under MCMC technique and Lindley
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approximation. For informative and non informative
hyper parameters, the following are observed:

From Tales 1-4, it is clear that, the lower bounds
are relative insensitive to the specification of the hyper
parameters (wy, wy, s, wy, ws, W) While the upper bounds
are almost insensitive.

Table 3: 95% two-sample Bayesian prediction bounds for Yy,m,s =

Moreover, Tables 1-4 show that the Bayesian
prediction bounds based on Lindley approximation are
more close to each other to the specification of the
hyper parameters (wi,wy, w3, Wy, ws,wg) than the
Bayesian prediction bounds based on MCMC method.

1,...,10, from GLE distribution case I

MCMC w 1 :W2:W3:W4:W5:W6:0

Lindley w;=w,=w3;=w,/=ws=ws=0

S LY:s UY:s LY:s UY:s

1 0.00309423 0.332859 0.000134658 0.45472
2 0.0376391 0.468727 0.00571803 0.647135
3 0.0927334 0.56963 0.0262002 0.814096
4 0.155803 0.6789 0.0627917 0.978962
5 0.220756 0.781392 0.112227 1.15391
6 0.291511 0.899273 0.171592 1.35126
7 0.374941 1.0587 0.240165 1.58965
8 0.46276 1.22987 0.320203 1.9062

9 0.567634 1.46959 0.41903 2.39976
10 0.731292 2.00051 0.560121 3.50444
MCMC w=2,w,=3,w5=1,w;=1,ws=2,Ws=3 Lindley w;=2,w,=3,w3=1,w,;=1,w5s=2,Ws=3

S LYs UYs LYs UYs

1 0.00307784 0.338412 0.0000918488 0.406021
2 0.0371989 0.456593 0.00412405 0.609823
3 0.0928777 0.569421 0.0199296 0.783569
4 0.155873 0.677953 0.0505335 0.953933
5 0.222739 0.790389 0.0951987 1.13408
6 0.294001 0.909901 0.152097 1.3369

7 0.371384 1.0477 0.220226 1.58164
8 0.46052 1.22385 0.30103 1.90649
9 0.567692 1.46972 401183 2.4131
10 0.724437 1.98156 0.544073 3.54779

Table 4: 95% two-sample Bayesian prediction bounds for Yy,m,s =

1,...,10, from GLE distribution case II

MCMC w 1 :W2:W3:W4:W5:W6:0

Lindley w;=w,=w3;=w,=ws=ws=0

S LY:s UY:s LYs UYs

1 0.00420059 0.35538 0.00306869 0.335226
2 0.0450995 0.483088 0.0372651 0.461039
3 0.105978 0.592571 0.0928646 0.570238
4 0.172112 0.698454 0.155312 0.676455
5 0.241008 0.807449 0.22177 0.786561
6 0.312406 0.922276 0.292881 0.906965
7 0.391556 1.0587 0.370876 1.04663
8 0.481079 1.231 0.459979 1.2223

9 0.590443 1.47667 0.569073 1.47595
10 0.744267 1.96272 0.724437 1.98156
MCMC w=2,w,=3,w3s=1,w;=1,ws=2,ws=3 Lindley w;=2,w,=3,w3=1,w,=1,w5s=2,Ws=3

S LYs UY:s LY:s UYs

1 0.00421709 0.355654 0.000325946 0.405464
2 0.0451268 0.483628 0.00968543 0.586801
3 0.105854 0.591012 0.0380055 0.745661
4 0.171831 0.696556 0.0831989 0.901598
5 0.240017 0.804433 0.141067 1.06517
6 0.313786 0.926155 0.209573 1.247

7 0.392311 1.06226 0.289078 1.46291
8 0.481745 1.23304 0.382596 1.74381
9 0.591611 1.48079 0.4983 2.1709
10 0.74651 1.96842 0.663147 3.09749
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We have created two artificially hybrid censored
data sets from the above data set, using the following
censoring schemes:

o4l _ Scheme I » =15, T= 1.5. Since x5, > 7T, the life

| test would have terminated in this case at 7, and we

would have obtained the following data.
1.1,1.2,1.3,1.4,1.4,1.5,1.6,1.6,1.7,1.7,1.7,1.8,1.8,1

.9 and 2.
Scheme II » = 14, T = 2. Since x40 < T, the life
02 test would have terminated in this case at x4, and we

would have obtained the following data.
g 1.1,1.2,1.3,1.4,1.4,1.5,1.6,1.6,1.7,1.7,1.7,1.8,1.8
and 1.9.

Before progressing, first we would like to check
whether the GLED fit this data or not. The calculated
value of the K-S test is 0.18497 for the GLE
. distribution and this value is smaller than their
corresponding values expected at 5% significance
i | level, which is 0.29407 at n = 20. We have just plotted
the empirical survival function and the fitted survival
functions in FIGURE 1. Observe that the GLE
. 5 distribution can be a good model fitting this data.
FIGURE 2 shows that all points of a Q-Q plot are
inside the unit square, so, it can be seen that the GLE
ne distribution fits the data well.

15 BT In all the cases @ = 1.9,0 = 0.1 and A = 0.3. To
construct 95% one sample BPIs for order statistics
X;.s = 16,...,20, from the same sample as well as 95%
two-sample Bayesian prediction intervals for future
order statistics Y,,,s = 1,...20, from a future sample of
size m = 20, the results in subsections 2.1.1, 2.1.2 and

0 1 2 4 5
Fig 1. Empirical and fitted distribution function for
completed data set.

1.0 1.5 2.0 2

Fig 2. Q-Q plot compare data wto a speciﬁc distribﬁtion.

4. Real Data Analysis

Purpose. The following data represents the relief
times of twenty patients receiving an analgesic. This
data set was taken from [12].

1.1,1.2,1.3,1.4,1.4,1.5,1.6,1.6,1.7,1.7,1.7,1.8,1.8,1

2.2 are used. The corresponding results for one-sample
and two-sample predictions, for the choices of the
hyper parameters are presented in Tables 5 to Table
10, respectively.

.9,2,2.2,2.3,2.7,3.,4.1.

Table 5: 95% one-sample Bayesian prediction bounds for X .,,s = 16,...,20, from GLE distribution case |

MCMC W =Wr=W;3=Ws=W5=wW=0 Lindley wi=w,=w;=w,;=wWs=w=0

S LX:s UX:s LX:s UX:s

16 2.01247 2.86263 2.01382 3.04435
17 2.12139 3.15442 2.12697 3.38226
18 2.30241 3.41405 2.30651 3.68154
19 2.52317 3.7084 2.52146 4.01831
20 2.80246 4.16257 2.79226 4.54379
MCMC w=2,w,=3,w3=1,w;=1,ws=2,wg=3 Lindley w;=2,w,=3,w;=1,w;=1,ws=2,w=3
S LX:s UX:s LX:s UX:s

16 2.01244 2.86206 2.01055 5.0

17 2.12078 3.14996 2.0103 5.0

18 2.30225 3.41471 2.25477 3.57918
19 2.52298 3.70884 2.44975 3.91866
20 2.80118 4.16361 2.70488 4.44576

26



Life Science Journal 2020;17(6) http://www.lifesciencesite.com

Table 6: 95% one-sample Bayesian prediction bounds for X .,,s = 16,...,20, from GLE distribution case Il

MCMC w;=Wr=W;3;=W;=W5=w=0 Lindley wi=w,=w;=w,;=ws=w=0

S LX:s UX:s LX:s UX:s

16 2.01247 2.86263 2.05055 3.08882
17 2.12139 3.15442 2.22623 3.49737
18 2.30241 3.41405 2.40504 3.75656
19 2.52317 3.7084 2.60671 4.06739
20 2.80246 4.16257 2.85967 4.57226
MCMC w=2,w,=3,w3=1,w,=1,ws=2,wg=3 Lindley w1=2,w,=3,w;=1,w,;=1,ws=2,w=3
S LX:s UX:s LX:s UX:s

16 2.07754 3.03004 2.0577 5.0

17 2.22657 3.25261 2.17737 3.39486
18 2.41092 3.48039 2.33813 3.65682
19 2.62029 3.75506 2.52718 3.96935
20 2.87882 4.18851 2.76958 4.47515

Table 7: 95% two-sample Bayesian prediction bounds for Yj,,s = 1,...,20, from GLE distribution case I

MCMC wW{=W,=W3=W;=W5=W=0 Lindley wi=w,=w;=w;=wWs=w=0

S LYs UY:s LY:s UY:s

1 0.562573 2.00061 0.49741 2.14966
2 1.04009 2.21059 0.958697 2.37733
3 1.32532 2.35793 1.24135 2.53537
4 1.53127 2.47761 1.44764 2.66313
5 1.69538 2.58157 1.6129 2.77385
6 1.83401 2.67558 1.75285 2.87388
7 1.95578 2.763 1.87589 2.96692
8 2.06582 2.84604 1.98706 3.05538
9 2.16746 2.92633 2.08966 3.14106
10 2.26308 3.00521 2.18607 3.22542
11 2.35448 3.08385 2.27807 3.3098

12 2.44313 3.16347 2.36715 3.39554
13 2.53037 3.24538 2.45464 3.48417
14 2.6175 3.33122 2.54184 3.57759
15 2.70597 3.42323 2.63019 3.67843
16 2.79759 3.52475 2.72146 3.79068
17 2.89493 3.64146 2.81818 3.92116
18 3.00218 3.78445 2.92446 4.08332
19 3.12787 3.98114 3.04867 4.31048
20 3.29658 4.33706 3.21517 4.73082
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Table 8: 95% two-sample Bayesian prediction bounds for Y s = 1,...,20, from GLE distribution case I for hyper
parameters w; =2,w, =3,w3=1,wy= 1,ws=2,ws=3

MCMC w;=2,w,=3,w3=1,ws=1,ws=2,ws=3 Lindleyw,=2,w,=3,w;=1,w;=1,ws=2,W=3
S LYs UY:s LYs UY:s

1 1.24497 3.83974 1.08895 4.04442
2 1.96905 3.97768 1.81567 4.22018
3 2.30715 4.05058 2.15679 4.30927
4 2.51196 4.09936 2.36124 4.36742
5 2.65361 4.13568 2.50105 4.40999
6 2.75956 4.16446 2.60468 4.4433
7 2.843 4.18819 2.68573 4.47049
8 291114 4.20832 2.75159 4.49338
9 2.96831 4.22577 2.80668 4.51309
10 3.01728 4.24113 2.85379 4.53036
11 3.05592 4.25484 2.89477 4.54568
12 3.09755 4.26721 2.93094 4.55945
13 3.13112 4.27846 2.96324 4.57193
14 3.16136 4.28877 2.99237 4.58333
15 3.18882 4.29828 3.01885 4.59381
16 3.21391 4.3071 3.04309 4.60351
17 3.23698 4.31532 3.06543 4.61252
18 3.25831 4.32301 3.08612 4.62094
19 3.27811 4.33024 3.10537 4.62882
20 3.29658 4.33705 3.12336 4.63625

Table 9: 95% two-sample Bayesian prediction bounds for Ym,s = L,...,20, from GLE distribution case II

MCMC wW{=W,=W3=W;=W5=W=0 Lindley wi=w,=w;=w;=ws=w=0

S LYs UY:s LY:s UY:s

1 0.562574 2.00062 0.49741 2.14966
2 1.04009 2.2106 0.958697 2.37733
3 1.32532 2.35793 1.24135 2.53537
4 1.53127 2.47761 1.44764 2.66313
5 1.69538 2.58157 1.6129 2.77385
6 1.83401 2.67558 1.75285 2.87388
7 1.95578 2.763 1.87589 2.96692
8 2.06582 2.84604 1.98706 3.05538
9 2.16746 2.92633 2.08966 3.14106
10 2.26308 3.00521 2.18607 3.22542
11 2.35447 3.08385 2.27807 3.3098

12 2.44313 3.16347 2.36715 3.39554
13 2.53037 3.24538 2.45464 3.48417
14 2.6175 3.33123 2.54184 3.57759
15 2.70597 3.42323 2.63019 3.67843
16 2.7976 3.52475 2.72146 3.79068
17 2.89493 3.64146 2.81818 3.92116
18 3.00219 3.78446 2.92446 4.08332
19 3.12787 3.98115 3.04867 4.31048
20 3.29658 4.33705 3.21517 4.73082
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Table 10: 95% two-sample Bayesian prediction bounds for Y ,,s =

parameters w; =2,w, =3,w3=1,wy= 1,ws=2,ws=3

1,...,20, from GLE distribution case II for hyper

MCMC W1:2,W2:3 ,W3= 1 ,W4:1 ,W5:2,W6:3

Llndley W1:2,W2:3 ,W3= 1 ,Wy= 1 ,W5:2,W6:3

s LY:s UY:s LY:s UY:s
1 1.24497 3.83974 1.08895 4.04442
2 1.96905 3.97768 1.81567 4.22018
3 2.30715 4.05058 2.15679 4.30927
4 2.51196 4.09936 2.36124 4.36742
5 2.6536 4.13569 2.50105 4.40999
6 2.75956 4.16446 2.60468 4.4433
7 2.843 4.18819 2.68573 4.47049
8 291114 4.20832 2.75159 4.49338
9 2.96831 4.22576 2.80668 4.51309
10 3.01727 4.24113 2.85379 4.53036
11 3.05592 4.25484 2.89477 4.54568
12 3.09755 4.26721 2.93094 4.55945
13 3.13112 4.27846 2.96324 4.57193
14 3.16136 4.28877 2.99237 4.58333
15 3.18882 4.29828 3.01885 4.59381
16 3.21391 4.3071 3.04309 4.60351
17 3.23698 4.31532 3.06543 4.61252
18 3.25831 4.32302 3.08612 4.62094
19 3.27811 4.33022 3.10537 4.62882
20 3.29658 4.33705 3.12336 4.63625
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